Type Ia supernovae (SNe Ia) come in a large range of luminosities, as determined mostly by the amount of 56 Ni produced in the explosion. Nevertheless, they can be normalized and used as standard candles, which suggests that they share a similar origin. The thermonuclear explosion of a Chandrasekhar-mass (M Ch ) white dwarf accreting mass from a main sequence or red giant companion (the single degenerate scenario) is a favourite configuration, but the presence of SNe Ia that result from the merging of two white dwarfs of total mass exceeding M Ch is supported by rate studies. SNe of the spectroscopically peculiar 1991bg class are the least luminous SNe Ia. They produce ∼0.1 M of 56 Ni, which is difficult to reconcile with hydrodynamic explosion models. Here, the properties of the inner ejecta of SN 1991bg are investigated by means of synthetic nebular spectroscopy. In order to reproduce the transformation of the spectra from broader, [Fe II]+[Fe III] lines at day ∼120 to narrow, [Fe III] lines at day 210, the innermost region must deviate significantly in density from the prediction of M Ch models. In particular, a substantially lower density is required in the innermost ≈3000 km s −1 in order to provide the needed increase of ionization with time. This leads to a mass deficit of ∼0.15 M in the region inside ≈3000 km s −1 with respect to M Ch models, and points to a different type of explosion. Early-time studies require a low explosion kinetic energy and lack of burning products in the outer layers. When combined with the results from this paper, the merger scenario may be a viable candidate for 1991bg-like SNe.
I N T RO D U C T I O N
Type Ia supernovae (SNe Ia) are among the brightest phenomena in the Universe. They are characterized by a light curve (LC) showing a fairly rapid rise to maximum (∼18-20 d), followed by a decline which is initially rapid but becomes slower at later times. Their luminosity is mostly due to the production of copious amounts of 56 Ni, which decays into 56 Co and hence into stable 56 Fe (Truran, Arnett & Cameron 1967; Colgate & McKee 1969; Kuchner et al. 1994) .
At early times, the spectra of SNe Ia show lines of Fe-group elements as well as of intermediate-mass elements (IME), such as Si and S, and of oxygen. At late times, however, spectra are dominated by Fe lines, suggesting that the inner layers have been totally burned to nuclear statistical equilibrium (NSE).
The relative homogeneity of their LCs and spectra suggests a common origin for SNe Ia. The most studied progenitor scenario is the one where a carbon-oxygen (CO) white dwarf (WD) accretes mass from a main sequence or red giant companion until, when it approaches M Ch , its central temperature becomes high enough that explosive nuclear burning starts. Although the details of the ignition mechanism and the mode of burning are still somewhat uncertain, a delayed detonation explosion of an M Ch CO WD (Khokhlov 1991) , where most of the star is burned to either NSE or IME, seems to provide the best match for the observations (Höflich et al. 1996; Mazzali et al. 2007) .
SNe Ia can be calibrated through a relation between LC properties [e.g. m 15 (B), the decline of the B-band magnitude from maximum to 15 d later] and the luminosity of the SN (Phillips 1993) , and used as distance indicators. SNe Ia provided the first direct evidence of the accelerated expansion of the Universe (Riess et al. 1998; Perlmutter et al. 1999 ). Other observational relations that can be used to derive the luminosity of SNe Ia also exist, e.g. the ratio of two silicon lines (Nugent et al. 1995; Hachinger et al. 2008) , the width of the Fe nebular emission lines 1 or the B − V colour 12 d after maximum (Wang et al. 2005) . The width of the bolometric LC also correlates with luminosity (Contardo, Leibundgut & Vacca 2000) , supporting the idea that the synthesis of 56 Ni is the driving parameter for SN Ia properties.
More specifically, while 56 Ni determines the luminosity (e.g. Arnett, Branch & Wheeler 1985; Branch 1992; Cappellaro et al. 1997; Stritzinger et al. 2006) , the shape of the LC is determined by the opacity (Pinto & Eastman 2000; Mazzali et al. 2001a Mazzali et al. , 2007 . Opacity in SNe Ia is due mostly to lines (Pauldrach et al. 1996) , and heavy elements provide the main contribution to the line spectrum. Thus, it is the total mass of Fe-group elements, including 56 Ni and its decay products as well as stable elements produced in the explosion (e.g. 54 Fe, 58 Ni), that mostly affects the LC (Höflich et al. 1996; Mazzali et al. 2007 , but see .
A rough, one-dimensional description of SNe Ia shows an innermost zone of stable Fe-group species ( 58 Ni, 54 Fe), followed by a zone where 56 Ni dominates. The size of the 56 Ni zone is highly variable, as seen for example in the width of the Fe emission at late times Blondin et al. 2012) , 2 and it determines the SN luminosity. Outside of these inner zones dominated by Fe-group elements is the IME zone, where burning was incomplete. The outer extent of the IME zone is roughly constant in velocity, regardless of SN luminosity ). If there is a layer of unburned material (CO), this must be located at high velocities (Folatelli et al. 2012 ). The best theoretical framework for this configuration is that of a delayed detonation (Khokhlov 1991) . Burning starts subsonically, in the so-called deflagration phase. At high densities, this can lead to the production of NSE material, but the WD expands while burning proceeds to outer layers, so not all of it can be incinerated. In order for most of the WD to burn at least to IME, the burning front must at some point become supersonic (a detonation). Possibly, different efficiency of the deflagration phase leads to different pre-expansion of the WD, so that when the detonation phase sets in SNe with variable amounts of 56 Ni and IME are generated. An efficient deflagration phase pre-expands the WD significantly, so that the detonation phase leads mostly to incomplete burning and to SNe with little 56 Ni and lots of IME. On the other hand, an inefficient deflagration followed by a detonation at high densities burns most of the star to NSE ). Substantial three-dimensional effects can also be introduced (Kasen, Röpke & Woosley 2009 ), and may indeed have been observed (Maeda et al. 2010) .
While this scenario seems solid for most SNe Ia, the group of subluminous SNe of which SN 1991bg is a prototype may be an exception. SN 1991bg (Filippenko et al. 1992; Leibundgut et al. 1993; Turatto et al. 1996 ) was a dim, spectroscopically peculiar SN Ia. It reached an absolute magnitude at peak of only M V ≈ −17.5 mag, as opposed to ∼ −19.5 for normal SNe Ia. Its spectrum was characterized by a broad absorption trough in the blue, which has been attributed to the unusual strength of [Ti II] lines. This is the result of a low temperature more than of an abnormally high abundance of Ti . Other examples of well-observed 1991bg-like SNe include SNe 1997cn ), SN 1998de (Modjaz et al. 2001 ), SN 1999by (Garnavich et al. 2004 ) and 1 Blondin et al. (2012) get a somewhat different result, but this is almost certainly the effect of including spectra at epochs earlier than the fully nebular phase, i.e. earlier than 250-300 d. 2 SN ejecta expand homologously, hence velocity is a proxy for radius. SN 2005bl (see Taubenberger et al. 2008 , for a more thorough observational discussion of subluminous SNe Ia).
SNe Ia of the SN 1991bg subclass are all rather similar. They reach a maximum brightness M B ≈ −17 mag. Accordingly, they synthesize only ∼0.1 M of 56 Ni Contardo et al. 2000; Stritzinger et al. 2006) . This is smaller than even the minimum yield from pure deflagration explosions (e.g. Roepke et al. 2007; Sahu et al. 2008) . Their LC evolution is faster than that of spectroscopically normal SNe Ia: they typically have m 15 (B) ≈ 2 mag. Recent analysis (Hachinger et al. 2009 ) shows that oxygen is present at particularly low velocities (∼8000 km s −1 ) in 1991bg-like SNe. In normal SNe Ia, IME are located at these velocities. Modelling suggests that classical, M Ch models (e.g. W7; Nomoto, Thielemann & Yokoi 1984) may not be appropriate for SN 1991bg , and that models with lower E kin (≈9 × 10 50 erg as opposed to ≈1.3 × 10 51 erg) give a better match to the early spectral evolution (Hachinger et al. 2009 ). Assuming the progenitor was an M Ch WD, this difference in kinetic energy is equivalent to burning ∼0.3 M less than in normal SNe Ia, where a total of ∼1.1 M is likely to be converted at least to IME Woosley et al. 2007 ). This may indicate that SN 1991bg-like SNe Ia have a different origin than the bulk of the class. Additionally, these SNe are predominantly found in early-type galaxies (Hamuy et al. 2000) , and hence are likely to be associated with older systems than normal SNe Ia (Howell 2001) .
There are two ways in which a WD can reach M Ch . One is to accrete mass from a main sequence or a red giant companion, the so-called single degenerate scenario. The other is the dynamical merger of two WDs whose combined mass exceeds M Ch (Iben & Tutukov 1984; Webbink 1984; Pakmor et al. 2011) . The former scenario favours young systems, while the latter favours older systems. The presence of two channels to SNe Ia is also suggested by rate studies (Scannapieco & Bildsten 2005; Mannucci, Della Valle & Panagia 2006; Ruiter, Belczynski & Fryer 2009) . A third possibility to explode a CO WD is that it accretes a layer of He, which can detonate and trigger the explosion of the entire star. This is the sub-Chandrasekhar scenario (Livne 1990; Woosley & Weaver 1994; Livne & Arnett 1995; Fink et al. 2010) . This scenario has not been in favour because it was thought not to produce spectra in agreement with observations (Nugent et al. 1997 ), but recent results may change this .
Following the investigation of the 1991bg-like SN 2005bl (Hachinger et al. 2009) , and the suggestion that these SNe may be the result of a merger (Pakmor et al. 2011 ), here we investigate the nebular phase of SN 1991bg (to our knowledge, there are no nebular spectra for SN 2005bl), in order to establish more accurately the properties of the inner part of the ejecta. We begin with a brief description of the available data (Section 2), and continue with a discussion of our models (Section 3). In Section 4 we discuss our results.
N E B U L A R S P E C T R A O F 1 9 9 1 B G -L I K E S N e I a
Late-time observations of 1991bg-like SNe Ia are made difficult by the intrinsic dimness of the SN subclass at advanced epochs. Typically, an SN Ia develops a fully nebular spectrum ∼1 yr after explosion, when the SN is ∼5-7 mag dimmer than at peak (e.g. Salvo et al. 2001 ). This unfavourable circumstance makes it particularly difficult to observe the intrinsically least luminous SNe Ia in the nebular phase. To offset this somewhat, 1991bg-like SNe Ia develop a nebular spectrum somewhat earlier than average SNe Ia: already ∼150 d after explosion their spectra are dominated by emission lines (Turatto et al. 1996) . This rapid evolution of the spectrum suggests that the opacity within the ejecta of 1991bg-like SNe Ia is smaller and declines more rapidly than in normal SNe Ia, as also suggested by the narrower LC peak. This is unlikely to be due to a more rapid expansion, since the velocities measured in these SNe are lower than average (Leibundgut et al. 1993; Garnavich et al. 2004; .
In addition, the nebular spectra of SN 1991bg have a distinct property: unlike normal SNe Ia they evolve significantly with time. SN 1991bg is the only SN of its class for which a series of nebular spectra are available. Turatto et al. (1996) showed three latephase spectra: the earliest one, obtained 120 d after peak, shows the two typical strong emission lines in the blue, at ∼4700 and 5200Å, respectively. These are due to blends of [Fe II] and their ratio is closer to unity. The narrowness of the lines can be related to the smaller amount of 56 Ni produced by this SN. However, while nebular spectra of normal SNe Ia evolve towards lower luminosity without a significant change in shape, in SN 1991bg the emission lines become narrower with time. Turatto et al. (1996) showed that ∼200 d after peak the nebular spectrum is actually dominated by narrow [Fe III] lines, which can be directly identified. Synthetic spectra obtained from standard explosion models like W7 do not reproduce this evolution : the earlier, broader spectrum is reproduced reasonably well, but at later times the synthetic lines are significantly broader than the observations, and are still composed of a blend of [Fe II] and [Fe III] lines. Because of this, and the low velocities near peak, Mazzali et al. (1997) suggested that SN 1991bg could be significantly subChandrasekhar.
Here we use the nebular spectral sequence of SN 1991bg in order to define the properties of the inner ejecta. The spectra were presented by Turatto et al. (1996) . They were obtained at epochs of 117, 143 and 203 d after maximum, respectively. The spectra have been calibrated to the observed photometry (Turatto et al. 1996) . Nebular spectra are to our knowledge not available for any other 1991bg-like SN Ia with the exception of SN 1999by, for which a single epoch is available ). This is similar to a spectrum of SN 1991bg at a similar epoch (∼200 d after explosion).
M O D E L S
We computed models of increasing degree of sophistication in order to find a consistent solution for the evolution of the spectra. We used a nebular code based on the work of Axelrod (1980) . The code computes the heating of a nebula caused by the deposition of γ -rays and positrons produced in the decay of 56 Ni to 56 Co and hence to 56 Fe, and balances this in non-local thermodynamic equilibrium with cooling via line emission (e.g. Ruiz-Lapuente & Lucy 1992) .
The deposition of γ -rays is computed with a Monte Carlo approach . A grey opacity κ γ = 0.027 cm 2 g −1 is used. The most important ionization process is impact ionization by non-thermal electrons. Photons produced in ground-state recombination can also ionize some of the ions of the nebula. Both of these processes are taken into account. Using the concept of 'work per ion pair', Axelrod (1980) and Ruiz-Lapuente & Lucy (1992) computed that only a small fraction (∼3 per cent) of the energy lost by the primary non-thermal electrons is used for ionization processes in an Fe-dominated mixture such as that of an SN Ia nebula. This fraction is assumed in our code. Most of the energy deposited by γ -ray and positrons actually goes into raising the thermal energy of the electrons. Our code therefore assumes that heating caused by the deposition of the energy of γ -rays and positrons from mostly 56 Co decay is balanced by cooling via emission processes. See and Mazzali et al. (2011) for a more complete description of the code.
Line emission cools the nebula. The balance of heating and cooling determines the temperature and ionization in the nebula. Fe lines are a major source of cooling in SNe Ia, but Fe can have two different origins: it can be the results of Ni and Co decay, in which case heating is also provided, or it may have been produced in the explosion as stable isotopes (mostly 54 Fe). The ratio of stable Fe to Fe produced from 56 Ni and 56 Co decay influences the thermal balance of the nebula: a higher fraction of stable Fe reduces the ionization. Hence, fitting all emission lines simultaneously, which implies reproducing the ionization conditions in the nebula, an estimate of the mass of 56 Ni as well as that of stable Fe can be obtained. In a simpler version (e.g. Mazzali et al. 2010) , the code uses a homogeneous sphere, defined by its outer velocity and a set of abundances. In a more complex version, one-dimensional stratification in density is adopted, based on a hydrodynamical model of the explosion, and abundances are set shell by shell.
Recombination can be favoured by clumping, which increases densities, and hence the recombination rates, in local pockets of material. The adoption of clumping can represent inhomogeneities in density and abundances or a general asphericity of the explosion, and it can be useful in cases where the ionization degree is low (as is the case in, e.g., SNe Ib/c; Mazzali et al. 2001b) . Both versions allow the use of a filling factor to reproduce this situation.
We first used the one-zone approach to determine to which degree the basic parameters of the emitting nebula (velocity, ejected mass, 56 Ni mass) must change over time in order to reproduce the spectral evolution. We then proceeded to a stratified approach. Initially, we adopted the W7 density distribution as a representative M Ch model. We optimized the abundance distribution in order to test to what extent this model, which is already not favoured by the early-time data (Hachinger et al. 2009 ), can reproduce the evolution of the nebular spectra of SN 1991bg. In a third step, we modified the density distribution arbitrarily in order to optimize the fit and to determine in an inverse approach the properties of the explosion.
In all models, we assumed for SN 1991bg a distance of 16.8 Mpc (i.e. a distance modulus μ = 31.13 mag; Tully 1988), an extinction E(B − V) = 0.05 mag with a galactic reddening law. These values are consistent with those used in Turatto et al. (1996) . In the following, we show and discuss the results of the various modelling approaches in turn.
One-zone models
This is the simplest approach to modelling nebular spectra. The emitting gas, which is located in the innermost part of the SN ejecta, is assumed to be a sphere of constant density, extending to an outer radius defined by a characteristic velocity. This takes advantage of the fact that SN ejecta expand homologously, such that R = vt. In order to get a good fit to the observations, the value of the boundary velocity can be derived from the width of the emission lines. Inside the sphere, velocity is proportional to radius as mentioned. We assume that B-band maximum in SN 1991bg occurred 18 d after the explosion, so that our spectra have epochs of 135, 161 and 221 d, respectively. This is in line with previous estimates Hachinger et al. 2009 ), but may be uncertain because of the lack of very early data for SN 1991bg-like SNe Ia. In any case, a small difference in the estimate of the epoch cannot affect the nebular results in a major way since these are obtained at epochs of >100 d.
The best-fitting spectra we obtained are shown in Fig. 1 , and the characteristic parameters of the models are given in Table 1 . It turns out that the mass of 56 Ni required to fit the emission lines of SN 1991bg decreases by a factor of more than 3 from the earliest to the latest spectrum, although the time between them is only about 100 d. This is mostly because the boundary velocity, which is indicated by the width of the emission lines, decreases substantially, from 8000 to 2500 km s −1 . The mass included in the sphere reduces as well (from 0.25 to 0.04 M ), in line with the reduction of the flux in emission lines. At all three epochs, Fe-group elements account for most of the mass, while the rest of the material included in the nebula is IME (see Table 1 ). This way, reasonable models can be obtained (Fig. 1 ), but it is not possible to determine the exact properties of the SN since the model parameters change as a function of time. Moreover, certain emission lines are not well reproduced. For example, in the earliest spectrum the 4700Å emission is too broad, and so is the line near 5900Å, which has contributions from (mostly) Na I D and [Co II] 5891Å. The main reason for the broad Fe emission is that [Fe II] lines are too strong in the model spectrum, which predicts both [Fe II] and [Fe III] lines, even when the stable Fe content is set to zero. The broad Na I D line is the result of assuming a constant density over a rather large volume. At later times, when the volume of the emitting sphere decreases and so do the emitting mass and the density, Fe II lines become weaker and Fe III lines stand out more clearly, so that a better reproduction of the observed spectra is possible. A large variation of input parameters as a function of time is not necessary to model brighter SNe Ia. It indicates that the constant density approach is not applicable in the case of 1991bg-like SNe.
Additionally, different degrees of clumping are necessary at the three different epochs: a moderate filling factor of ≈0.5 is necessary at the earliest epoch in order to keep the ionization degree sufficiently low that [Fe II] lines dominate. This decreases to 0.8 at day 161, while at day 221 the filling factor is 1, i.e. no clumping is assumed. [Fe II] lines are not well reproduced at this epoch. The variable degree of clumping also suggests that the one-zone approach is inadequate.
The main advantage of the one-zone approach is that it makes line identification simple. At the earliest epoch, both [Fe III] and [Fe II] lines are present, and the spectrum is not too dissimilar from those of brighter SNe Ia. The outer velocity, 8000 km s −1 , is at the lower end of the distribution of line widths , and it is consistent with a small size of the Fe core, which is compensated by the inner extension of the IME zone Hachinger et al. 2009 ). In this sense, therefore, the result of Mazzali et al. (2007) is confirmed.
Stratified models: the W7 density
In this approach, stratification in density is used, and the composition is allowed to vary from shell to shell. Using the W7 density distribution with modified abundances, it is possible to reproduce the spectra of SNe Ia with different properties (e.g. Stehle et al. 2005; Mazzali et al. 2008; Tanaka et al. 2011) , which demonstrates that the W7 density distribution is a good one-dimensional representation of typical SN Ia explosions. The significant changes of the abundances that are required to fit individual SNe, and in particular the different ratio of 56 Ni and IME, reflect the different nucleosynthetic outcomes that also lead to different SN luminosities, but do not affect the kinetic energy of the explosion very much ). One exception is SN 2003hv, a rapidly declining but still spectroscopically normal SN Ia [ m 15 (B) = 1.61 mag; Leloudas et al. 2009 ). The nebular spectrum of this SN shows an unusually high degree of ionization. Therefore, an inner density structure significantly different from that of models like W7 is required to reproduce the spectrum . In particular, the density at low velocity needs to be substantially lower than in W7 and other M Ch models, which are all rather similar in the innermost part (Iwamoto et al. 1999) . Mazzali et al. (2011) suggested that SN 2003hv may be the result of a non-standard explosion, possibly a sub-Chandrasekhar event. In SN 1991bg we also see high ionization, mostly in the innermost zone. Additionally, we can follow the evolution of the spectra, which is an important test for any model.
Our best-fitting models are shown in Fig. 2 . At the earliest nebular epoch, 135 d after explosion, SN 1991bg can be made to fit within the classical scenario. A W7 density profile, combined with a very small 56 Ni mass (0.085 M ), located at velocities out to 9500 km s −1 , and a 'typical' mass of stable Fe (0.15 M ) located in the deepest zone (inside of 5000 km s −1 ), yields a synthetic spectrum where the two main emission peaks in the blue are composed of both [Fe II] and [Fe III] lines. The blend of these lines gives emission features with a reasonable line width (although both features are somewhat too broad because [Fe II] lines are too strong, as in the one-zone models). The ratio of the feature near 4700Å, which tends to have a strong [Fe III] contribution in SNe Ia, to the one near 5200Å is small compared to other SNe Ia. This indicates that the bulk of the emission in SN 1991bg is not [Fe III] . In fact, the [Fe III] lines emerge later and are very narrow, suggesting that they only come from the innermost part of the nebula. The redder emission has a significant [Fe II] contribution, which explains why the line ratio is close to 1 and suggests that the ionization in the outer part of the emitting nebula (v 3000 km s −1 ) is not extremely high. This is the result of two factors: the heating is low because of the small 56 Ni production, and cooling is enhanced because of the high fraction of stable Fe with respect to 56 Ni. A very small amount of calcium is sufficient to reproduce the line at 7200Å, which has contributions also from [Fe II] and [Ni II] . The Na I D line is very narrow, and it requires little Na, located below 5000 km s −1 . At the next epoch, 161 d after explosion, the model which was used for day 135 results in Fe emission lines that are too broad. In the one-zone models, we increased the ionization by reducing the mass. This is not possible now, since the density structure is fixed.
The same problem, exacerbated to a higher degree, affects the spectrum at 221 d. The observed 5200Å feature has become very narrow, and its position suggests that it is dominated by [Fe III] 5270Å. The model is unable to reproduce that. The two strongest emission features are both still predicted to be broad blends of [Fe II] and [Fe III] lines. Again this shows that the W7 density is inadequate for 1991bg-like SNe. The excessive [Fe II] emission means that the emitted power in the spectrum is larger than in the data.
Stratified models: the optimal density structure
In this section, we show how a modified density structure can lead to a model that consistently reproduces the evolution of the nebular spectra of SN 1991bg. In order to build such a model, we consider the reasons for the failure of the one-zone and W7 models, and try to capitalize on the information that this gives us.
In the one-zone model, both the 56 Ni mass and the emitting mass decrease as later spectra are modelled. This is reflected in the progressive narrowing of spectral features, and in itself would not be unexpected, except for the fact that in brighter SNe Ia emission features do not become significantly narrower with time . We can compare the mass included within the limiting velocity in the one-zone models and the mass included within the same velocity in W7 (see also This suggests that the mass at low velocity in SN 1991bg is less than in W7 or in other M Ch models. If a W7 density is used, a large fraction of the mass has to be in the form of IME, given the small 56 Ni mass in SN 1991bg. However, IME also contribute to cooling. Although it has been shown that silicon is still abundant at low velocities (4000-8000 km s −1 ) in SN 2005bl (Hachinger et al. 2009 ), the spectra based on the W7 density structure fail to reproduce the observations because the ionization ratio they predict is too low in the inner parts. This is mostly caused by the high density.
The other important characteristic of SN 1991bg is that increasingly late nebular spectra show more distinct, narrow Fe III lines. This indicates that Fe III is the dominant emission in the innermost layers. A successful model must therefore have enough Fe III in the inner zones (v 3000 km s −1 ). In the zones between 3000 and 8000 km s −1 , the density must become sufficiently low with time that their emissivity decreases, allowing for the narrowing down of line emission profiles and the relative loss of strength of the Fe II lines.
To establish a density and 56 Ni distribution that has these properties is not straightforward, even in one dimension. However, the fact that most emission lines are sharply peaked and centred at their rest wavelength suggests that no major asymmetries in the distribution of the ejecta need to be considered, and therefore a reasonable solution can be found. This should yield consistently good fits to the spectral series of SN 1991bg by only changing the reference time.
The M Ch model that yields the best fit to the early-time spectra of SN 2005bl is the one with an energy reduced by a factor of 0.7 with respect to W7 (model w7e0.7; Hachinger et al. 2009 ). This model has less mass and energy at v > 12000 km s −1 compared to W7, which is compensated for by adding mass (which carries less energy) at v < 9000 km s −1 . Other models that are acceptable at early times have similar properties. We assume that the properties of SNe 1995bl and 1991bg are similar, as suggested by their early spectral evolution (but see caveat below). Since the early-time fits can map the ejecta of SN 2005bl down to v ∼ 6000 km s −1 , and the nebular epoch is insensitive to velocities above 8000 km s −1 , we use the density profile of the reduced-energy model w7e0.7 at velocities above 6000 km s −1 for the nebular models. A consistent solution can be achieved by progressively reducing the density at low velocity (v < ∼6000 km s −1 ) with respect to the W7 profile. This requires a sufficiently low density at low velocity that at late times [Fe II] emission from that region is weak. In our model, the density actually decreases inwards of 2000 km s −1 , so that the innermost region always has a strong Fe III contribution. At the same time, the region between 3000 and 6000 km s −1 becomes sufficiently thin that it contributes little to the emissivity at the later epochs. Thus, it is possible to obtain synthetic spectra (Fig. 3) where the emission transforms with time: at day 135, when the overall density is still high and recombination is significant, both [Fe II] and [Fe III] lines are strong and the lines broad. At day 161, and even more so at day 221, the outer regions emit less, and the spectrum shows narrow Fe III lines. Fig. 4 shows the abundance distribution in the model that we derived. The total 56 Ni mass (0.06 M ) is now even less than before, and it is concentrated at low velocities. Interestingly, we now do not require a large mass of stable NSE isotopes. In fact, in the innermost ejecta 56 Ni dominates over stable Fe-group elements ( 54 Fe and 58 Ni). Stable Fe reaches its highest abundance at v ∼ 2000-3000 km s −1 . This is unusual, but it may be related to the fact that our density structure reaches a maximum at those velocities rather than at zero velocity, as is customary for M Ch models. The synthesis of neutron-rich NSE isotopes is favoured at high density. The total mass of stable Fe-group species is ≈0.08 M . Most of this is stable Fe: the mass of stable Ni has to be small, ≈2 × 10 −4 M , otherwise the emission near 7400Å would become too strong. Fig. 5 shows the ionization of Fe as a function of velocity at the three epochs of the spectra in the modified W7 model and in the optimal density model. In the latter model, the Fe III fraction is higher at all epochs with respect to the model based on the W7 density. This is particularly evident in the innermost layers, and it is essential for the reproduction of the observed spectra. 
D I S C U S S I O N
Having derived a density/abundance profile that makes it possible to reproduce the evolution of the nebular spectra of SN 1991bg, we can now check whether this looks like any theoretically proposed model.
The result of the modelling of the nebular lines of SN 1991bg indicates that the innermost region of the ejecta of this SN has different properties from those of spectroscopically normal SNe Ia. The only other subluminous, 1991bg-like SN Ia for which nebular spectra are available is SN 1999by. A single spectrum, obtained at an epoch of 200 d after maximum, is available for this SN, and it resembles SN 1991bg at day 221 (Garnavich et al. 2004) , showing narrow emission lines of [Fe III] . This suggests that our results may be valid for the entire class of 1991bg-like SN Ia, and rules out possible errors introduced by the flux calibration. Therefore, we can make the assumption that SN 2005bl also had similar late-time spectra, although no data for it are available at phases later than those displayed in Taubenberger et al. (2008) , at least to our knowledge.
It is tempting to combine the results of Hachinger et al. (2009) are not exactly the same as those of SN 1991bg. SN 2005bl was significantly brighter at peak (by a factor of almost 1.5; Taubenberger et al. 2008, fig. 6 ) but its spectra, including expansion velocities at similar epochs relative to maximum, were similar (Taubenberger et al. 2008, fig. 19 ). Therefore, it is unlikely that the two SNe share exactly the same density and abundance distribution in the outer layers: the density of SN 1991bg would have to be lower than that of SN2005bl at similar velocities, and the evolution of the LC of SN 1991bg faster than that of SN 2005bl in order for the two SNe to show similar spectra at similar epochs relative to maximum, despite the difference in luminosity. Unfortunately, only two earlytime spectra are available for SN 1991bg itself (Turatto et al. 1996) , and neither is before maximum. Therefore, a tomography experiment for SN 1991bg cannot meaningfully be performed, and the discussion that follows should be regarded only as a qualitative one.
According to Hachinger et al. (2009) , a reasonable solution for the early spectral evolution of SN 2005bl is to use a density profile which contains less mass at high velocities than W7. This was already suggested by Mazzali et al. (1997) . For an M Ch model, the best solution was found for E kin ∼ 9 × 10 50 erg. This should be compared to E kin ∼ 1.3 × 10 51 erg for W7. Other solutions have a similar ratio of kinetic energy and ejected mass. Hachinger et al. (2009) do not rule out solutions with masses different from M Ch . They just require a low kinetic energy of the ejecta. As a matter of fact, early-time spectra sample the outer regions of the ejecta, where most of the kinetic energy but only a fraction of the mass reside. The low kinetic energy implies that SN 1991bg was the result of an explosion with very incomplete burning. Only about half of the mass of an M Ch WD needs to be nuclearly processed, mostly to Si and other IME, to produce the required kinetic energy. Sufficient energy is released to unbind the star but the kinetic energy of the material ejected is low and the SN is not bright. A similar configuration, also with very incomplete burning, may be obtained in a dynamical merger of two WDs that reach a combined mass in excess of M Ch (Pakmor et al. 2011 ). In the context of M Ch or more massive models, the small kinetic energy implies that a larger fraction of the mass is located at low velocities. However, our nebular results exclude the presence of a large mass at low velocities. Thus, we can try to discriminate among different scenarios. Fig. 6 shows various density profiles. The profile we have derived from nebular-epoch spectral fitting contains only ≈0.33 M of material below 6000 km s −1 . In comparison, W7 contains ≈0.50 M , while the reduced energy, M Ch model w7e0.7, used for SN 2005bl (Hachinger et al. 2009 ) contains ≈0.60 M . Therefore, neither of these M Ch models seems to be compatible with our nebular results. In contrast, the model with reduced mass and energy, w7m0.5e0.5, 3 These two models seem to be reasonably consistent with the requirements of nebular spectroscopy.
We can combine the inner density of the model used for the nebular spectra and the outer density of the best-fitting models for the early-time spectra of SN 2005bl in order to derive a rough estimate of the total mass of SN 1991bg and other subluminous SNe Ia.
The low-energy, M Ch model w7e0.7 has densities in the region 5000-8000 km s −1 , similar to the optimal model we derived for the inner ejecta SN 1991bg, and it has a mass of ∼0.8 M above 6000 km s −1 . When combined with a nebular mass of 0.33 M below 6000 km s −1 , this results in a total mass of ∼1.13 M . For the sub-M Ch model w7m0.5e0.5, which has a mass of 0.5M Ch (i.e. 0.7 M ), the mass above 6000 km s −1 is ∼0.45 M . However, this model does not overlap in density with our nebular results, and so it is not possible to connect smoothly the inner and the outer part of the two models.
We additionally show two models that were developed independently, and not with the purpose of fitting SN 1991bg-like SNe.
The sub-M Ch model with M = 1.15 M of Sim et al. (2010) overlaps in density with our nebular results at 6000-10000 km s −1 . The model contains ∼0.86 M above 6000 km s −1 . When combined with our nebular mass of 0.33 M below 6000 km s −1 , a total mass of ∼1.19 M is obtained. However, this model has a large energy at high velocity, and its early-time spectra appear to be different from those of SN 1991bg .
Finally, the merger model of Pakmor et al. (2011) has a total mass of 1.8 M . The behaviour of the density in the innermost part of this in more massive models is that the unwanted [Fe II] emission is now absent. This value of the 56 Ni mass is only marginally lower than the estimate based on the peak of the LC, which is ∼0.07-0.10 M Contardo et al. 2000; Stritzinger et al. 2006) . A smaller 56 Ni mass may be sufficient to power the luminosity of the SN at peak if this is reached earlier than t ∼ 17-18 d, which was the extrapolation from the comparison of the post-maximum LC of SN 1991bg to that of normal SNe Ia (Contardo et al. 2000) . A lower inner density as we adopted here should favour rapid photon escape at early times. A similar situation is encountered in SN 2003hv (Leloudas et al. 2009; Mazzali et al. 2011 ). An early peak for 1991bg-like SNe may indeed be directly confirmed by observations (Strovnik 2007; Hayden et al. 2010) . Furthermore, the fact that SN 1991bg has a lower peak luminosity than SN 2005bl but similar spectral properties suggests that SN 1991bg reached the peak of the LC earlier than SN 2005bl (see above).
Our simulations suggest that SN 1991bg was produced by a nonstandard explosion scenario. The density structure we derived is characterized by a decrease of the density towards the lowest velocities. The mass at low velocities is significantly smaller than in M Ch models. 56 Ni is located at the lowest velocities, while stable Fe, which is produced at the highest densities, is located at v ∼ 2000-3000 km s −1 . Various models can reproduce the early spectra evolution of SN 1991bg-like SNe, and they are all characterized by a low energy. The density distribution looks similar to that of the dynamical merger models of Pakmor et al. (2011) , although the total mass we derive for SN 1991bg is smaller than that in that model.
Similarities among SN 1991bg-like SNe suggest that they may all be the result of a similar mechanism, albeit with a range of properties. Observations of SN 1991bg-like SNe from before maximum to the nebular phase would be extremely useful in order to further our understanding of these events.
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